A new reference design is introduced for Holographic Coherent Diffraction Imaging. This consists of two reference portions -being "block" and "pinhole" shaped regions -adjacent to the imaging specimen. Expected error analysis on data following a Poisson shot noise model shows that the dual-reference scheme produces smaller weighting of error across the frequency spectrum than does the leading single-reference schemes. Numerical experiments on simulated data also shows the dual-reference scheme achieving a smaller recovery error than the leading single-reference schemes.
Introduction

Holographic CDI and Holographic Phase Retrieval
Coherent Diffraction Imaging, or CDI, is a scientific imaging technique used for resolving nanoscale image specimens, such as macroviruses, proteins, and crystals [MCKS99] . In CDI, a coherent radiation source (often being an X-ray beam) is diffracted after being incident upon an imaging specimen. The resulting photon flux is then measured at a far-field detector and is approximately proportional to the squared magnitude of the Fourier transform of the electric field within the diffraction area. Determining the specimen's electron density is then in principle possible via solving the phase retrieval problem, which is the mathematical inverse problem of recovering a signal from the squared magnitudes of its Fourier transform.
In a variant of this technique known as Holographic CDI, a "reference" portion of the area from which diffraction occurs-typically a simple geometric shape cut out from the metal apparatus surrounding the specimen-is a priori known from experimental design (see Fig. 1 ). The resulting inverse problem, in which a portion of the signal to be recovered is already known, is known as the holographic phase retrieval problem.
For any reference choice satisfying mild assumptions, the holographic phase retrieval problem can be solved deterministically by solving a structured linear system [BSC + 19]. However, different reference choices will have different noise stability properties. It is shown in [BSC + 19] that, under a Poisson shot noise model, the expected squared recovery error is given by Y 1 /N p · S R , Y , where Y is the squared Fourier transform magnitude, N p is the nominal number of photons reaching the detector, and S R is the error weighting factor which is a function of the reference R chosen (see Section 3).
For the single-reference scheme of the form [X, R], where X is the unknown signal and R is the known reference, our previous work [BSC + 19] revealed the relative merits of two popular references: the "block reference" R B (shown in Fig. 3a) induces an S R B that weights low-frequency components of Y optimally Figure 1 : Holographic CDI schematic. The upper portion of the diffraction area contains the imaging specimen of interest, and the lower portion consists of a known "reference" shape. Image courtesy of [SLLF12] . but high-frequency components suboptimally, whereas the "pinhole reference" (shown in Fig. 3b) gives an S R P that provides smaller weighting to high-frequency components than other references (see Fig. 6 ). It is a natural question whether the merits of the two references can be integrated. Fig. 2 are the block reference ( Fig. 3a ) and the pinhole reference (Fig. 3b ). The specimen shown is the Mimivirus, courtesy of [GKL + 08].
Our Contributions
In this paper, we show that the simple idea of augmenting the two references to the unknown specimen does the trick. Specifically, we propose a "dual-reference" design, which contains both a block and pinhole shaped region (see Fig. 4 ). The dual-reference gives rise to an error weighting factor S R B,P which provides small weighting across the whole frequency spectrum, combining the best features of both the block and pinhole references. Numerical experiments on simulated CDI data, which is subject to Poisson shot noise, consistently shows a smaller recovery error using the dual-reference than using the leading single-reference designs.
Dual-Reference Design and Recovery Algorithm
Definition 2.1. The block reference R B ∈ R n×n and the pinhole reference R P ∈ R n×n are defined respectively by
They are shown in Fig. 3a and Fig. 3b , respectively. Suppose that X ∈ C n×n is an "unknown" specimen. Consider X ∈ C (2n)×(2n) given by:
where 0 n×n is the n × n all-zero matrix. We shall assume that the magnitudes of the entries of X are within the interval [0, 1]. By this convention, 0 values represent areas where the incoming beam is entirely blocked, and 1 values represent areas where the incoming beam passes through unimpeded-which would be "empty space". Suppose that m ≥ 4n − 1 and that Y = | X | 2 ∈ C m×m are the m × m oversampled Fourier transform magnitudes 1 of X . We seek to recover X from Y , which is a possibly noise-corrupted version of Y . We propose a recovery algorithm based on solving a linear system, which is effectively the referenced deconvolution algorithm introduced in [BSC + 19] adapted to our current reference scheme.
1. Given Y , apply an inverse Fourier transform (C m×m → C (4n−1)×(4n−1) ) to obtain A X , the noisy autocorrelation of X . 2 This can be expressed as
2. Let P 1 = [0 n×n , I n , 0 n×(2n−1) ] and P 2 = [I n , 0 n×(3n−1) ]. It follows that P 1 A X P 2 ∈ R n×n (resp., P 2 A X P 1 ∈ R n×n ) is (without noise) equal to the top-left quadrant of the cross-correlation of X and R B (resp., X and R P ). We thus denote this as
is the lower-triangular matrix consisting of all ones on and below the main diagonal, and that
The signal X is estimated as the solution to the least-squares problem
Analytically, this is given by vec(
Combining these steps and the well-known matrix Kronecker product identity that
(2.5)
Note that this algorithm gives a linear relationship between X and Y . In the noiseless setting, it exactly recovers the signal X. In the noisy setting, it returns the least-squares solution to
(2.6)
Analysis of the Recovery Error
For any data Y following a known probability distribution, it follows from Eq. (2.4) that
where · 2 F denotes the Frobenius norm, and ·, · denotes the Frobenius inner product. In CDI, detector measurements of photon flux are subject to quantum shot noise. This is due to intrinsic quantum fluctuations which cannot be removed by any measurement system. The resulting photon flux measurements follow the Poisson shot noise distribution given by 4) and reshape(·, m, m) is the columnwise vector-to-matrix reshaping operator. Hence, the expected squared recovery error is proportional to the weighted sum of the squared frequency magnitude values in Y , where the weights are determined by the error weighting factor S R B,P . We derive an analytical expression for S R B,P , which makes use of the following lemma.
Lemma 3.1 (Chapter 1 of [Str12] ). The singular value decomposition 1 L = U ΣV T is such that for t, s ∈ {0, . . . , n − 1}, U and V have columns given by
respectively, and Σ has diagonal entries given by
Proof. In the recovery algorithm, M = [1 L ⊗ 1 L ; I n 2 ], so
where we have used the mixed product property of Kronecker product. Write the SVD of 1 L as 1 L = U ΣV . Using the spectral property of Kronecker product plus identity as contained in Eq. (5) of [SLM + 11], we obtain
Thus,
Combining the partial results above, we obtain
From Eq. (3.4), it follows that S R B,P (k 1 , k 2 ) = T R (:, mk 1 + k 2 ) 2 and thus we are interested in the squared column norms of T R . Since V ⊗ V is an orthogonal matrix and the Euclidean norm is orthogonally invariant, it is enough to consider the squared column norms of
For any (k 1 , k 2 ) ∈ {0, 1, . . . , m − 1} × {0, 1, . . . , m − 1} and the corresponding k = mk 1 + k 2 ,
as claimed. itself, and that of combined with the block, pinhole, and dual-references, respectively (with n = 64, and m = 1024). These four spectra exhibit similar low-frequency dominance, and have entries of similar orders of magnitude.
In the expected squared recovery error Eq. (3.3), both Y and S R depend on the reference scheme in use. Empirically, for low-frequency dominant X with typical [0, 1] values (e.g., images shown in Fig. 2 and Fig. 7 , typical CDI specimens), Y will have a similar spectrum to X (up to small variation in the order of magnitude) for the various reference schemes of interest; see Fig. 5 . This stability property of spectrum can be formally established for the single-reference setup [X, R] by expanding | [X, R]| 2 [BSC + 19], and likewise for our dual-reference setup X . In contrast, the weighting factors in S R can vary by several orders of magnitudes for different reference schemes, as shown in Fig. 6 . Hence, the influence of the reference scheme on the expected squared error is largely determined by S R . In Fig. 6 , we compare the S R 's for the single-reference setup with the pinhole and block references, with that of our dual-reference setup. For the single-reference setup [X, R], [BSC + 19] showed that among all reference choices, the block and pinhole references put minimal error weighting for low-and high-frequency components of Y , respectively. The strikingly simple idea of including the two references simultaneously and solving the resulting stacked linear system helps to combine the benefits: as can be seen from Fig. 6 , S R B,P approximates the smaller of S R B and S R P uniformly over the entire frequency spectrum.
Numerical Simulations
We observe in numerical simulation of CDI experiments that the dual-reference provides smaller recovery error than does the leading single-reference schemes, specifically the block and pinhole references. A data comparison is provided in Table 1 for a variety of macromolecular, cellular, and crystalline specimens, such as those studied using CDI. These include the mimivirus image [GKL + 08] shown in Fig. 2 and Fig. 4 and the images shown in Fig. 7 . 
Conclusions
We have proposed a new dual-reference scheme for Holographic CDI, together with a recovery algorithm which provides exact recovery in the noiseless setting. For data following a Poisson shot noise distribution, the dual-reference gives an expected recovery error which minimizes the weighting of error across the frequency spectrum, effectively combining the best features of both the individual block and pinhole references. Numerical experiments on simulated CDI data show the dual-reference scheme provides a smaller recovery error than the leading (single) reference schemes.
